For every positively graded algebra A, we show that its categories of linear complexes of projectives and almost injectives (see definition below) are both naturally equivalent to the category of graded modules over the quadratic dual algebra A ! . In case A = Λ is a graded factor of a path algebra with Yoneda algebra Γ, we show that the category Lc Γ of linear complexes of finitely generated right projectives over Γ is dual to the category of locally finite graded left modules over the quadratic algebra Λ associated to Λ. When Λ is Koszul and Γ is graded right coherent, we also prove that the suspended category gr Λ has a (triangulated) stabilization S(gr Λ ) which is triangle-equivalent to the bounded derived category of the 'category of tails' fpgr Γ /L Γ .
Introduction and terminology.
The interest on Koszul equivalences and dualities arises mainly in the context of derived categories and, specially, dealing with Koszul algebras (see definitions below). In case Λ is a graded Koszul algebra with Yoneda algebra Γ, Beilinson, Ginzburg and Soergel ( [1] ) showed the existence of an equivalence between certain full triangulated subcategories of the derived categories D( Λ Gr) and D( Γ Gr). When composing with the canonical duality defined by Hom Λ 0 (−, Λ 0 ), one gets a duality between suitable subcategories of D( Λ Gr) and D( Γ Gr). The aim of this paper is to show that Koszul equivalences and dualities also appear naturally between some nice abelian categories associated to positively graded algebras. In this context, no restriction is needed a priori on the graded algebras, although quadratic algebras will play a predominant role as in the context of derived categories. On one side, our results generalize those of Yoshino ([18] ) for symmetric and exterior algebras and, on the other, they show that the above mentioned triangulated equivalences of [1] already live in an abelian context.
Throughout the paper, K will be a field and, for every K-algebra R, we shall denote by Mod R (resp. mod R ) the category of all right (resp. finitely generated right) R-modules and by R Mod (resp. R mod) its left-right symmetric version. The term positively graded algebra will stand for a graded K-algebra A = ⊕ n≥0 A n such that A 0 is a K-algebra isomorphic to a finite direct product of copies of K and dim K A 1 <∝. We shall say that such an algebra is locally finite when dim K A n <∝, for all n ∈ Z. A particular case comes as follows: Let Q be a finite oriented graph or quiver and give KQ a grading by assigning positive degrees to the arrows. Then, for every ideal I of KQ, homogeneous with respect to that grading and contained in the ideal generated by the paths of length 2, the algebra A = KQ/I is positively graded and locally finite. Every graded algebra isomorphic to one of this form will be called a generalized graded factor of a path algebra, reserving the term graded factor of a path algebra, for the case when the grading on KQ is the classical one, i.e., obtained by assigning degree 1 to all arrows. We shall distinguish this latter case by putting Λ ∼ = KQ/I, reserving letters A, B for general positively graded algebras.
When Q is a finite quiver, we shall identify Q 0 = {1, . . . , n} with the set of vertices and will denote by Q n the set of paths in Q of length n while KQ n will be the vector subspace of KQ generated by Q n . When p is a path i → ... → j in Q, we shall put i = o(p) and j = t(p) for the origin and terminus of p. We write paths α 1 ...α n convening that t(α i ) = o(α i+1 ), for all i = 1, . . . , n − 1. The idempotent of KQ given by i ∈ Q 0 will be denoted by e i . The opposite quiver Q op of Q has Q op 0 = Q 0 and is obtained from Q by reversing the orientation of the arrows. Whenever p = α 1 ...α n ∈ Q n , we shall put p o = α o n ...α o 1 and then, clearly, Q op n = {p o : p ∈ Q n }. Notice that if A is a positively graded algebra, then the subalgebra A of A generated by the subspace A 0 ⊕ A 1 is a graded factor of a path algebra. Indeed, there is a uniquely determined (up to isomorphism) finite quiver Q such that KQ 0 ∼ = A 0 , as K-algebras, and KQ 1 ∼ = A 1 , as KQ 0 − KQ 0 -bimodules. Then Q will be called the quiver of A, although A may not be a graded factor algebra of KQ. The isomorphism KQ 0 ⊕ KQ 1 ∼ = A 0 ⊕ A 1 extends to a homomorphism of graded algebras π A : KQ −→ A with image A, where the grading on KQ is the classical one. If I = Ker(π A ) and I 2 = {x ∈ I : x is homogeneous of degree 2}, then we denote by I 2 the homogeneous ideal of KQ generated by I 2 and A = KQ/ I 2 will be called the quadratic algebra associated to A. We identify KQ 0 = A 0 all through the paper and unspecified tensors are tensors over A 0 . The canonical duality D = Hom A 0 (−, A 0 ) = Hom KQ 0 (−, KQ 0 ) : A 0 mod −→ A 0 mod = mod A 0 is 'inverse to itself'. If Q op denotes the opposite quiver of Q, then we have canonical isomorphisms
n , we shall denote by W ⊥ its orthogonal with respect to the usual duality KQ
Notice that there are actually two dualities, namely, one for the case when KQ n is considered as a left KQ 0 -module and one for the case when it is considered as a right KQ 0 -modules. They map p o ⊗q onto δ pq e t(q) and δ pq e o(q) , respectively, where δ pq is the Kronecker symbol. Nonetheless, W ⊥ is the same for both dualities. In the above situation, the algebra A ! = KQ op / I ⊥ 2 is called the quadratic dual algebra of A. We shall put ! A = (A ! ) op for the opposite algebra, which is then a graded factor of KQ. Up to graded isomorphism, A and A ! do not depend on the presentation of A, i.e., do not depend on the choice of the graded homomorphism π A : KQ −→ A. If A and B are positively graded algebras, we shall say that they are orthogonal when A ! ∼ = B and that they are quadratically equivalent when A ∼ = B (isomorphisms as graded algebras in both cases).
We will be concerned with the category Gr A of Z-graded right A-module and its full subcategories lf rg A , gr A and fpgr A consisting of locally finite (i.e., dim K M i <∝, for all i ∈ Z), finitely generated and finitely presented graded right A-modules, respectively. Of course, A Gr, A lf gr, A gr and A fpgr will stand for the left-right symmetric versions. To some of these categories, and also to some categories of cochain complexes that will eventually appear in the paper, we will add a superindex + or − meaning that we consider the corresponding full subcategory of lower or upper bounded objects (e.g., lf gr + A will be the full subcategory of lf gr A with objects M = ⊕ n∈Z M n such that M n = 0, for all n 0). An object M = ⊕ n∈Z M n of Gr A will be called generated in degree j when M j generates M as a graded A-module. Dually, M will be called cogenerated in degree j when M j cogenerates M as a graded module, i.e., when M = M ≤j = ⊕ n≤j M n and N ∩ M j = 0, for every nonzero graded submodule N of M . For every k ∈ Z, the k-shifting M [k] of M coincides with M as an ungraded A-module, but its grading is given by M [k] n = M k+n , for all n ∈ Z. In general, given any cocomplete abelian category A and X ∈ Ob(A), we shall denote by Add (X) the full subcategory of A with objects the direct summands of direct sums of copies of X. For instance, when A = Gr A and X = ⊕ k∈Z A[k], Add (X) is just the class of projective objects in Gr A .
The canonical duality D extends to a contraviant functor D : 
, for all n > 0. The category Mod A 0 (resp. mod A 0 ) can be identified with the category of (finitely generated) semisimple graded right A-modules. When X ∈ Mod A 0 and M ∈ Gr A , we have an isomorphism Ext n A (M, X) ∼ = Hom A (Ω n M, X) (extensions and homomorphisms as ungraded right A-modules!), for all n ≥ 0. In the particular case when M = X = Λ 0 , we can consider the Yoneda algebra of A, Γ = ⊕ n≥0 Ext n A (A 0 , A 0 ). It is a graded algebra with the Yoneda product as multiplication. It is positively graded in our sense only in case Ext 1 A (A 0 , A 0 ) is finite dimensional, something which always happens when A is a generalized graded factor of a path algebra. More restrictively, when A = A = Λ is a graded factor of a path algebra, the quiver of Γ is
A positively graded algebra A is a Koszul algebra in case Ω n (A 0 ) is locally finite and generated in degree n, for all n ≥ 0. In that case, A = Λ is a graded factor of a path algebra and Γ ∼ = A ! .
The organization of the paper goes as follows: Let A = ⊕ n≥0 A n be a positively graded algebra with quiver Q. In Section 2 we show that the graded versions of − ⊗ A and Hom A 0 (A, −) embed KQ Gr in two different ways as a full subcategory of the category Gr A [X] of Z × Z-graded modules over A [X] . That induces by restriction equivalences of categories between ! A Gr = Gr A ! and the categories LC A and LC * A of linear complexes of projective and almost injective graded A-modules, respectively (Theorems 2.4 and 2.10). In Section 3 we show that in the case when A = Λ is a graded factor of a path algebra, Λ is orthogonal to its Yoneda algebra Γ and then there is an induced duality between Λ lf gr and the category Lc Γ of linear complexes of finitely generated projective graded modules over Γ (Theorem 3.3). Among the consequences of these results, we characterize quadratic algebras in categorical terms (Corollary 3.4) and show that the categories of linear complexes of projective (resp. almost injective) graded modules are equivalent for quadratically equivalent algebras. In case the algebras are quadratically equivalent graded factors of path algebras, the categories of linear complexes of finitely generated projective graded modules over their Yoneda algebras are also equivalent (Corollary 3.5). In the final Section 4, somewhat independent from the rest, we extend some equivalences of derived categories obtained by Bernstein, Gelfand and Gelfand (cf. [4] and [9] ) in the classification of algebraic vector bundles over the projective space.
Koszul equivalences.
All throughout this section A = ⊕ n≥0 A n will be a positively graded algebra with quiver Q. We fix a homomorphism π A : KQ −→ A of graded Kalgebras and put p = π A (p), for every path p in Q. One-sided modules over A 0 = KQ 0 will be considered indistinctly as left or right modules, with the same action of A 0 on both sides. It is convenient now to make some comments concerning the canonical duality D. Remark 2.1. Let S be finite dimensional in the above situation and let A . Moreover, since A 0 A is projective, the functor is clearly exact. We also have that
Lemma 2.2. The assignment X −→ X ⊗ A extends to a fully faithful covariant exact functor T : Mod
, and hence equality. It also follows that the fully faithful condition reduces to check that the functorial map
The isomorphisms of next lemma and Lemma 2.9 can be derived from apropriate adjunction settings, but we give their explicit definition for they are used in the proofs or our theorems. 
Hence, we get a uniquely determined family of K-linear maps
The choice of the f α guarantees that ξ(f ) is a morphism in A 0 Mod. We leave as an easy exercise to check that ϕ and ξ are mutually inverse. The rest of the proof is then routinary.
Let (A k ) k∈Z be a family of categories. We shall denote by k∈Z A k the corresponding product category. Its objects are the families (U k ) k∈Z such that U k ∈ A k , for every k ∈ Z. Its morphisms are families of morphisms (f k :
The composition of morphisms is defined pointwise. In particular, we shall denote by A Z the category k∈Z A k , where
We are mainly interested in the cases when A = KQ 0 Mod = Mod A 0 and A = Gr A in the above situation. For technical reasons, we shall still keep subindices for the first case, while we shall use superindices for the second case (e.g., an object of Gr Z A will be denoted by P · = (P k ) k∈Z , where P k ∈ Gr A for all k). We introduce now a new (Grothendieck) category Gr A[X] as follows: Its objects are pairs ( 
e., such that P k is a projective object of Gr A generated in degree −k, for all k ∈ Z. Inside LG A we consider the full subcategory LC A consisting of those (P · , d · ) which are cochain complexes, i.e., such that d · • d · = 0. The objects of LC A are called linear complexes of projectives. The full subcategory of LC A with objects (P · , d · ) such that P k is finitely generated, for all k ∈ Z, will be denoted Lc A .
Our main results in the section concern the category KQ Gr. We point out that an object of that category can be identified with a pair (M, µ),
We shall indistinctly use this and the classical interpretation of the category KQ Gr.
When Λ ∼ = KQ/I is a graded factor of a path algebra (e.g., Λ = ! A in our case), the category Λ Gr can be identified with the full subcategory of KQ Gr consisting of graded left KQ-modules annihilated by I. That is the sense of the word 'restriction' in our next theorem. 
Proof. By Lemma 2.2, the composition Mod
, is a fully faithful covariant exact functor, which we denote by T k and induces an equivalence of categories
A is a fully faithful exact functor inducing an equivalence of categorieŝ
With the above interpretation of the objects in KQ Gr and Gr A[X] , we are ready to define a functor ψ : KQ Gr −→ Gr A [X] verifying the requirements. Using Lemma 2.3, to every (M, µ) ∈ KQ Gr we can assign a fam-
. Suppose now that (M, µ) and (N, µ ) are objects of KQ Gr and let g :
If that is proved it will follow that, defining ψ(f ) =T (f ) for every morphism f in KQ Gr, one obtains a fully faithful exact functor ψ : KQ Gr −→ Gr A [X] with essential image LG A . Let us prove our claim. We know that f is a morphism in
This is in turn equivalent to say that g k+1
, thus proving our claim.
In the final part of the proof, we come back to the classical interpretation of objects in KQ Gr = Gr KQ op , which will be looked at as graded right KQ op -modules. With the equality LG A = Imψ at hand, the rest of the proof reduces to check that ψ(M ) is a cochain complex iff M k · I ⊥ 2 = 0 for every k ∈ Z, where I = Ker(π A ). From that the equivalences of the last part of the theorem will follow. On one hand, ψ(M ) is a cochain complex iff
On the other hand, the obvious sequences 0 In case Λ = KQ/I is a graded factor of a path algebra, the category GrΛ can be seen in a canonical way as a subcategory of Gr Λ . In particular, for every positively graded algebra A which is orthogonal to Λ, swapping the roles of Q and Q op , Theorem 2.4 yields a fully faithful exact embedding ψ A :
We then have the following consequence: Corollary 2.6. Let Λ = KQ/I be a graded factor of a path algebra. For every M ∈ Gr − Λ and every j ∈ Z, the following assertions are equivalent: 1) M is cogenerated in degree j.
2) For every positively graded algebra
There is a positively graded algebra A orthogonal to Λ satisfying 2).
. Now M is cogenerated in degree j iff for every k < j and for every 0 = x ∈ M k , xΛ j−k = 0. But, in our case, Λ n = Λ n 1 = Λ 1 n · · · Λ 1 for all n > 0. We then get that M is cogenerated in degree j iff for every k < j and for every 0 = x ∈ M k , xΛ 1 = 0. On the other hand, given any positively graded algebra A orthogonal to Λ, the graded A-module H k (ψ A (M )) has support contained in {n ∈ Z : n ≥ −k}, for all k ∈ Z. Moreover, the homogeneous component of degree
This map, after the suitable adaptation from Theorem 2.2 due to the swapping of roles of Q and Q op , takes the form x −→ α∈Q 1 xα⊗α o . We now compose this latter map with the canonical isomorphism
xΛ 1 = 0} and the desired equivalence of 1), 2) and 3) follows.
We leave as an exercise the proof of the following lemma, which will be useful in the proof of our next theorem: u) )(x), from which we get g = H(λ a ), for a uniquely determined a ∈ A 0 . This proves that the map ( * ) is bijective, thus ending the proof.
Lemma 2.9. Let X, Y be
A 0 -modules. The map η : Hom KQ 0 (KQ 1 ⊗ X, Y ) −→ Hom A 0 (Hom A 0 (A 1 , X), Y ) defined by η(µ)(u) = α∈Q 1 µ(α ⊗ u(α)), for all u ∈ Hom A 0 (A 1 , X) and all µ ∈ Hom KQ 0 (KQ 1 ⊗ X, Y ), is an isomorphism of K-vector spaces. Moreover, if µ ∈ Hom KQ 0 (KQ 1 ⊗ X, Y ), µ ∈ Hom KQ 0 (KQ 1 ⊗ X , Y ) and f : X −→ X , g : Y −→ Y are A 0 - homomorphisms,
then one of the following diagrams commutes iff the other does:
Proof. We define ρ : 
for all k ∈ Z. We now define the desired functor υ. On objects, it will take an object (N, µ) ∈ KQ 0 Gr onto the object (I · , d · ), where I · =Ĥ(N ) and 
A . We have that υ(N ) is a cochain complex iff the composition Hom
is zero, for all k ∈ Z. According to Lemma 2.7,  that is equivalent to say that its The following is dual to Corollary 2.6 and we leave the proof as an exercise: Corollary 2.11. Let Λ = KQ/I be a graded factor of a path algebra. For M ∈ Gr + Λ and j ∈ Z, the following assertions are equivalent: 1) M is generated in degree j.
2) For every locally finite positively graded algebra
Koszul dualities and the Yoneda algebra.
All throughout this section, Λ = KQ/I will be a graded factor of a path algebra and Γ will be its Yoneda algebra. The main goal of this section is to see that Λ and Γ are orthogonal. A first ingredient for that is the next straightforward consequence of Theorem 2.4, which is valid for an arbitrary positively graded algebra. Proof. Let π Λ : KQ −→ Λ and π Γ : KQ op −→ Γ the canonical homomorphisms, with kernels I and J. We want to prove that
, with the unique Λ-homomorphism α : Λ ≥1 −→ Λ 0 mapping an arrow γ onto δ αγ e o(α) , where δ αγ is the Kronecker symbol. Our goal is to interpret the Yoneda product α · β as a Λ-homomorphism
. First, for the convenience of the reader, we shall adapt to our terminology a known explicit description of Ω 2 (Λ 0 ). Recall that Ω 2 (Λ 0 ) = Ω 1 (Λ ≥1 ) is the kernel of the canonical multiplication map µ : Λ ⊗ Λ 1 −→ Λ ≥1 . Suppose ρ is a homogeneous generating set of the ideal I of relations. We write every r ∈ ρ as a linear combination γ∈Q 1 r γ γ, where r γ ∈ KQe o(γ) is uniquely determined for every γ ∈ Q 1 . We claim that Ω 2 (Λ 0 ) is the Λ-submodule of Λ ⊗ Λ 1 generated by the set { γ∈Q 1 r γ ⊗ γ : r ∈ ρ}, where the bar on top of an element of KQ always means its image by π Λ . Indeed, let {a γ : γ ∈ Q 1 } be a family of elements of KQ such that a γ ∈ KQe o(γ) for all γ ∈ Q 1 and µ( γ∈Q 1 a γ ⊗ γ) = γ∈Q 1 a γ γ = 0 in Λ. Then γ∈Q 1 a γ γ ∈ I. This means that we have an equality
in KQ, where f r , h r ∈ KQ are all zero but finitely many and where g r ∈ KQ ≥1 , for all r ∈ ρ. We write g r = γ∈Q 1 g r,γ γ and r = γ∈Q 1 r γ γ, with g r,γ ∈ KQe o(γ) for every γ ∈ Q 1 . By substituting in the equality ( * ), we get that γ∈Q 1 
From that it follows that a γ = r∈ρ f r rg r,γ + r∈ρ h r r γ in KQ, which implies that a γ = r∈ρ h r r γ in Λ. We then get an equality γ∈Q 1 
Once we have an explicit description of Ω 2 (Λ 0 ), we are ready for an identification of α · β. We consider the morphism v :
, so that we get by restriction a Λ-homomorphism u : Ω 2 (Λ 0 ) −→ Λ ≥1 making commute the following diagram:
where the rows are the obvious exact sequences. Then the Yoneda product
. When the path βα does not appear in r, that element is mapped onto zero by α · β = β • u. When βα does appear in r, it is mapped onto e o(β) . That implies that α · β vanishes on {x r : r ∈ ρ and length(r) > 2}. That is, the action of α · β on Ω 2 (Λ 0 ) is completely identified by its action on the K-subspace generated by {x r : r ∈ ρ and length(r) = 2}, which is a Λ 0 -submodule of Λ 0 Ω 2 (Λ 0 ) isomorphic to I 2 . We then have a restriction map ϕ : 
The last assertion of the theorem follows now directly from Corollary 3.1.
We now get the following categorical characterization of quadratic algebras: Proof. Λ is quadratic iff Λ = Λ and this is equivalent to say that one (or all) of the categories Gr Λ , lf gr Λ or Λ lf gr coincides with the corresponding category of graded modules over Λ, viewed as full subcategories of Gr KQ or KQ Gr according to the case. Since Λ ∼ = A ! , for every positively graded algebra A which is orthogonal to Λ, the result follows directly from Theorems 2.4, 2.10 and 3.3.
We end this section with an interesting consequence of our theorems. 
Some equivalences of derived categories.
Throughout this section, for every abelian category A, D b (A) will be the full subcategory of its derived category D(A) with objects those isomorphic (in D(A)) to bounded complexes of objects in A. We follow [17] for the terminology concerning derived categories. In the sequel, Λ will be a Koszul algebra with Yoneda algebra Γ ∼ = Λ ! . 
Moreover, in the particular case when Λ is finite dimensional and Γ is Noetherian, those equivalences induce mutually inverse equivalences 
by restriction mutually inverse equivalences of triangulated categories
Proof. The restriction of F to Gr 
Proof. If S = ⊕ n∈Z S n is a simple object of Gr A , then it is generated by a homogeneous element, so that S = S ≥m , with S m = 0, for some m ∈ Z. But the chain S · A ≥1 ⊆ S ≥m+1 ⊂ S ≥m = S of inclusions in Gr A and the simplicity of S imply that Finally, we clarify the assertion between brackets. If A = KQ/I is a right coherent generalized graded factor of a path algebra, take d = max{deg(α) : α ∈ Q 1 }. If p is a path in Q such that p = p + I ∈ A n , with n > s + d, then the decompostion p = qα, with α ∈ Q 1 , yields that deg(q) ≥ s. By iteration of this argument, we conclude that A ≥s is generated by A s ⊕ · · · ⊕ A s+d , which is finite dimensional over K. Therefore A ≥s is a finitely generated graded right ideal of A, for every s ≥ 0. N ) given by the morphisms which factor through an injective object of gr A . The stable category (modulo projectives) of gr A , denoted gr A is defined dually. It is well-known that gr A has a structure of suspended category (in the terminology of [12] ) or right triangulated category (in the terminology of [3] Remark 4.6. When V ⊆ P n is a projective irreducible variety with coordinate algebra K[V ], Serre's theorem (see [16] , Chap. III) says that the category coh (V ) of coherent sheaves on V is equivalent to the category
. Hence, last corollary extends and reproves in a different way the well-known result of Bernstein, Gelfand and Gelfand (see, e.g., [4] or [9, Ch. IV, Section 3]) stating that D b (coh (P n )) is equivalent to gr Λ , where Λ is the exterior algebra of a (n + 1)-dimensional vector space.
